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1. Historical Control Systems:
“feedback by design”

« 250 BC flow regulated water clock Constant flow rate
— Ctesibius, a Greek Inventor
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1. Historical Control Systems:

Self Re-filling mechanism (200BC)
— Philon, a Greek inventor

Oil bath




1. Historical Control Systems:
» Weight Regulated Liquid Filling Device(1st Century AD)
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1. Historical Control Systems:

* Flyball Governor (James Watt 1788)
The first crude governors
were working reasonably
[ L well. However, precisely
————1¢ machined governors showed
unstable pressure oscillations
in the steam generators.
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2. Mathematical Modeling of
Plant/System
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Plant Model: Mechanical System

» Shock absorber Free body diagram

T kS
=

» Spring resists displacement (reactive force is prop to displacement)
» Damper resists speed (reactive force is proportional to speed)

mij(t) = f — ky(t) - bj(t) @1

3 b . k 1
U(t) + —u(t) + —y(t) = —f(t) 22) Second order model
Vi T I, 8




Plant Model: Electrical System

* RC Circuit i{t)
Ry v {t) — A vit)
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= Ryus(t) First order model

Plant Model: Electrical System

By+hy ]

(U(t) RLRQC /L( ) - mvS(f)
0(t) +av(t) = bug(t) (2.3)
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What have we learned so far?
« System models are ordinary differential equations (ODEs).
» System complexity is represented by the model order

* The response (output) of the plant can be obtained by
solving the model ODE for a given forcing function (input)

+ Laplace transforms can be used to solve ODEs efficiently

9 10
Laplace Transforms System Response with Laplace
function t F(s X
unit impulse ({((f)) 1 2) « RC Circuit Model ~ 0(t) + av(t) = bus(t) (23
unit step () % — When transformed into Laplace domain Z{ } - forward transformation
time exponent i — 1
cosin cos wt B2 sV(s) —v(0) +aV(s) = bV; For DC Voltage
: n "l - 0s(t) = Vug(t)
power of time t ol | e i vs(t)
linearity a1fi(t) £ asfo(t) | arFi(s) £ asfa(s) (s+a)V(s) = v(0)+bV i
exponential scaling | e® f(t) F(s—a) Vit ! (0) + b Vo (3.47)
time shift e ! ) eX T F(s) s+a s(s+a)
time multiplication | ¢/(?) —ZLF(s) Dartial fraction V(s) = L 0) + b (1 B )V
differential dd{,@ B IEN St AI00) — st alion Vo s+a a\s s+a
n—1 . .
I iy Uilindo) » Response (Method 1: Partial Fraction)
integral [ f()at EFI(S) — When transformed back to time domain Z-'{ } - inverse transformation
time scaling I (at) éeEF (s)
convolution integral | [ f(T)g(t — 7)dr | F(s)G(s) v(t) = v(0)e” —at b v (1 _ P—ﬂf) (3.49)
a
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System Response with Laplace

Response (Method 2: Convolutlon Integral)

(347), V(s) = i a)
¢—' Lopf L
{—} =u/t) s+a

» Transforming back to time domain

i
v(t) = v(0)e™® + bV, [ e M ug(t — 7)dr
40

.t
= -u([])e_m —l—bl«’;/ e 7. 1dr
0

—b
([” —m‘ ?VHC—QTH]

. b
= v0)e ™+ -V, (1—e® (3.50)
v(0)e il ( ¢ )

Y
Homogeneous Response  Exogenous Response

%% First Order Response: RC Circuit

R1=1000; R2=2000; C=200%10"-6; % g¢ircuit components
—_— a=(R1+R2) /(R1*R2*C) ; b=1/(R1*C) ; % model coefficients
= v0=2; % initial condition
8 dur=0.6 % simulation duration
6 t=[0:0.01:dur];
0 %% Homogeneous Response
m yH=v0%*exp(-a*t) ;
c #% Exogenous Response
o vE=(b/a)*(l-exp(-a*t)):
—
(1] %% Total Response
= YI=yH+¥E ;
-g %% Plot graphs
(’) subplot (311); plot{t,yH); axis([0 dur 0 2]);
_Q ylabel({ "Homogeneous response [¥]'); grid on;
©
— subplot(312); plot(t,yE); axis([0 dur 0 2]);
g vlabel({ "Exogenous response [¥]'); grid on;

subplot (313); plot(t,¥T); axis([0 dur 0 2]): 14
ylabel({ 'Total response [V]'); xlabel('time [s]'); grid on;
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Observations and Conclusions

* Homogeneous response (Initial condition response) dies
out leaving no remaining response in the long run. The
time period where this response lasts is known as
transient response.

+ Exogenous response is what remains in the long run after
transient time. This response finally remains as the steady
state response.

+ In order to understand the input output relationship,
homogeneous response has to be removed.




System Response with Laplace
* Mechanical System Response

22)  §t)+ i’—]_ﬂ(t) + iif t)= —f[ )
Where ﬂﬁ)+209()+ﬁyﬁ)=1fﬁ) (3.51)

_ b =1
20=_,p= ., and =

» Transforming into Laplace domain
s°Y (s) = sy(0) — y'(0) +20[sY (s) = y(0)] + pY (s) = 7F(s)

(s* + 205 + p)Y () — y(0)s — [209(0) +y/(0)] = nF(s)
_ y(0)s + [20y(0) +3'(0)] 7 ; .
Y(s) = (82 + 205+ p) (82 + 205+ p) F(s) 3.53)

» There exist three different responses based on the
determinant of the denominator polynomial (characteristic
equation)

(20) —4xIxp=4(c> - p) <—A(s) =5+ 205+ p = 0«—"

System Response: Partial Fractions

 Case 1: o> —p>0 (b>2Vmk)

(_,— K = y(0), and K3 = 20y(0) + y'(0)
Kis+ Ko 7

s)e—F(s)=4
(s —o)(s — az) (S_“l)('-""_o‘?]F( } o

(852) Y(s)= B
where oj,a2 = -0 +,/0? - p negative, real, distinct poles
Poles are determined by the system parameters

Case 1: Partial Fractioning  Using coverup method (see Appendix)
Kis+ K: T A
Y(s) = o } = (3.55)
(s—ai)(s—as) (s—a1)(s—ag) s
P, P ).
= L 2 _ 4 ?;/‘1( @ + @2 + %)
(s—a1)  (s—a2) (s—a1) (s—a2) s
Kjo+K9 Kioaa+Ks 1 _ 1 —
Where |P a1—as P a9 m‘ Ql o (o —aa) ! QZ T aslaz—an)? Q:j - Cua)_'
18
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initial COndlthnS System parameters
and system parameters

System Response: Partial Fractions

» Transforming back to time domain

y(t) = Pre®' + P A (lemt + sz’mt) +nAQs
= rfAQg—f—(Pl +T}4Ql) ot (P’)—FIIAQz) 2l (356)

Steady State. e cay with time ‘cos o< o, are ve | ]

response L Y
Transient response

System Response: Convolution Integral

» Case 1: Convolution Integral Method

. P Py Py Py (s
(355), Y(s) = {(s—cn) * (s—ag)}—i—”{(s—ﬂl) " (L"'_(EE.}}P(L)
= o e e (e e F(s)3.5T)

(s—ay)  (5s—a3) (s —ay) as)

where P =

R _ 1
o] — az P:l =~ az—o
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System Response with Laplace
» Transforming back to time domain
) = Bt + 2oe By [ €00 f(r)ar 4y [ 0 f(r)r
e For f(t)= Aug(t)

Steady State and Transient Responses

« Transient response
— Decaying response
— Depends both on Initial conditions and external forcing function

_ _ t - t . nAP\ nAPL\ .
y(t) = Pre®' 4 Py P3| ™ =) Adr + Py | 22%7) Adr P+—=)e+ (P + ezt
p- o 0 (e8] [0'5]
t i t t i t
= Pe™ + Pye™ + nP3e™ [ e~ "7 Adt + nPye™ / e 2T Adr
Jo 0 + Steady State Response
n P Lot ; St .
_ pemt 4 pyeoat _ nP; Ae* et _ nPyAe®? et — The sustainable response
a g — Depends on external forcing function
. . nPsAe™tt nPye®tA
il Plecu! +P2€{_t2f al [ (E’ oyl l) i ] (6 ool l) P;; P‘I
a (a5} —nA| — +—
(05 (5]
_ nP3 A _ nPy A _
— 1_)1601!‘ +P2€(tzf + ?7(1 o eﬂ]!‘.) + ?7(1 o ngl‘.)
(83] X9
Py Py nAPy\ nAPy\ .
= —nA (— +—=)+(P+— e+ P+ g2t
\ a a2/ @ @2 /) g 22
T Y 3 .
Steady-state response Transient response (3.59)
. . .
Simulation: Matlab Code
[] - 1 %% Shock3p8 : Second Order Response of Shock-Absorber
Case 1: Over Damped Shock-Absorber | - order Kespanse of Sho
- o T N 3 - b=700; k=125 % case 1: b[Hs/cm] k[N/cm] m[kg] over damped
. System parameters k:]25N/{-T“ b=T00Ns/cm 4 %b-700; k=b"2/(4*m) % case 2: bINs/cml kI[N/cm] mlkg] critically damped
_ Strong damper m=50 kg 2 %b=300; k=245k0 % case 3: b[Hs/cm] k[H/om] m[kg] under damped
— Speed is Severe'y resisted 7 - sigma=b/{2*m), rho=k/m, eta=1/m % model coefficients
8 - d=sigma*“2-rho % determinant
9 - A=10%m; % weight step input
10
* Then, from (351) o=1, pZQ.E}? and T]=002 11 - t=[0:0.01:dur];
12 - y0=-1.50; yd0=1.80; % Initial conditions
» Consequently, the two system poles are 13 - ki-y0; k2-2*sigma*y0+ydo;
14
ﬂ’_]_=—018]. H.lld. (]‘,2:—138]_9 15 %% Determination of poles
16 - 4if d>0
© g 17 - alphal=-sigma+sqgrt (d)
-ve real distinct poles Ll alphaZe-sigma—sqrt(d)
19 - pl={alphal*k1+k2)/(alphal-alpha?)
20 - p2={alpha?*kl1+k2)/(alpha2-alphal);
21 - ql=1/(alphal*(alphal-alpha?));
22 - g2=1/(alphaZ*(alpha2-alphal))
23 - q3=1/(alphal*alpha?) ;
24 - yH=pl*exp(alphal*t)+p2%*exp(alpha2*t) ;
23 25 - yE=eta*na*(gl*exp(alphal*t)+q2*exp(alphaZ*t)+q3); 24

26 - elseif d==0
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Matlab Code

ph=(kl*alpha+k?2)//alpha; pé6=-k2/alpha; p7=1/alpha; p8=-1/alpha;

yH=(p6+ph) *exp(alpha*t)+alpha*t. *exp(alpha*t)

yE=eta*B*(-p7*t. *exp(alpha*t)+p8*(exp(alpha*t)-1)/alpha) ;
else

omega=sqrt (-d), phiH=atan?(kl, (k2-sigma*kl) /omega)

phiE=atan? (omega,sigma)

E=sqrt(kl1"2+(k2-sigma*kl)“"2 /omega’2)

yH=K*exp(-sigma*t) . *sin{omega*t+phiH) ;

vEl=exp({-sigma*t) . *sin(omega*t+phiE)

yE=eta*B/omega*(omega/(omega”2+sigma”2)-yEL1) ;

end

%% Total Response
yI=yH+¥E

%% Plot graphs

subplot (311); plot(t,vH),; axis([0 dur -2.8 b]):;

vlabel ( "Homogeneous response [y_H]'); grid on;

subplot (312); plot(t,¥E}),; axis([0 dur -2.8 b]1):,

ylabel( "Exogenous response [y E]"); grid on;

subplot (313) ; plot(t,¥T); axis([0 dur -2.8 5]),

vlabel( 'Total response [y_T]'); xlabel( "time [s]7); grid on; 25

Hurnugeneuusrespunse[yH]
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Total response [yT]

Simulation

tirme [5]

System Response

e Case2: o>—p =0, (b =2V/mk) — Real, -ve coincident poles
(3.52) -

 Kys+ Ko n
o (s—a)?  (s—a)?
¢

Y(.s)z{ fos 1% )}+'?p{(si7r:_)2+ JJS_:J}F(S) (3.61)

(s—a)? (s—a

S

where Fs = Kot py = —%,. Py = L and B =

1 1
IC and System System

L

—
o
<
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System Response: Case 2 Critical Damping

For f(t) = Aug(t)—>F(s) = AL

fﬁﬁ f% fﬁS I% 1 .
Y(s) = - A- (3.62
(s) {(s —a)? + (s — cr)} T ?}{ (s — a)? * (s —a) } s (362)
s ) 1 ) 1 b 1
= B (s —a)? + B (s — (E)T’AJ_; (s — a)? u ”Afss(s — o)
| L d()/ds —T | T
> 1/s
et te™
(§ ot . . .
ff-L?Z-I ) 4 te®i—g = (1 + at)e™ Jietdt = leotlh = Leat — 1)
Response

1
y(t) = Ps(l+at)e™ + Pee™ + nAPrte™ + nAPy—(e™ — 1)
o
nAP, AP
it R v + (7? 8

X

+ Ps + P.s) et (?;/l Pr + Pau:)te“f 28
X




Simulation: Case 2 Critical Damping MatLab ﬁ ) IS S S, e —
. - Tt ST b
Adjust (increase) spring carer Simulation o~ |
Zc;l;.?st?:t to achieve critical k=125N/em  p=700Ns/cm Critical Damping 0 (S S .. ______________
ping ke :245[][_\ch111] k:ﬁ +« Fast response T g 5 10 15 20 25
Poles o =a =—7 : 2m » No overshoots £ S S S S S
e l + Most energy N I A N S A
efficient
Deflection at steady state f/k = 500/2450 = 0.2cm e S A
N S S S SR
- 0 5| ‘IIEI ‘I|5 ZIEI 25
250 | R R — ]
_ P ISSSUSR: SO S SRS S—
;‘ L e _____________________________
29 ] s A SR oo
0 5 10 158 20 25
tirne [s]
Response 3 4 -------------- --------------------------- - Response: Case 3 Under Damped
. ] IS O SNUTURURS UUURR SO i
r ; ; ; . 2 o T Weaker damper
Comparlson g D//— + Case 3: a p <0, b < 2vVEm Cqmplex Conjugate
« Over damped E’z‘ -------------- e . pair of poles
response |S BIG £ 0 g i L = 4 ° SyStem ,OO/eS nl . 02 = —0 :I: Jf.d
and slow

* Critically damped
response is small
and FAST

Exogenous response [yE]

Total response [yT]

tire [s]

* Response
(3.52), et oo ”
: 2 ) (0
Y (s) y(0)s + [204(0) +y'(0)] 11l —_F(s)
(s+o—jw)s+o+jw) (s+o—jwis+o+jw) °
Kis+ K> n .
= . NI . —F
Grof—Gar | Gror—Gar
5 1 A
= K- ‘ >+ K : Siail ; i
l{,fs-l—ol)2+:c-3_|_ 2(-s—|—r.7)2-|—w2+”(s+0)2+w2s
f w 'K w
= K, { 5_-|_.)U .)—E 5 - +£7
(8+0)2+w? w(s+0)2+w?] w (s+0)?+w?
T w A )
1 ¥~ 48.65)

w(s+o)?+w?s




Response: Case 3 Under Damped

but s => (s+0)—> exponential scaling — ¢~ cos @t

cos wt
. s+ao o w K: w
- I“{ 12 7 2 2J+ Jﬁ
(s+0)2+w? w(s+o)+w w (s+0)?+w

n w A
w(s+0o)?+w?s

{
e~ gin wt
{

|—’ sin w#J (3.65)
¥

but s => (s+0)}— exponeinial scaling

Response : Case 3 Under Damped

IS.’] a

. gt . Ky .
y(t) = Kie ot coswt — ——e tsinwt + —e "t sinwt
ndA ft _ . .
—I—;— e~ sin wtdt
w Jo

. Ky — oK
= ¢ ° {Kl coswt + w Sinwt}

!

nA w ot _ Ref .
+— 1 ——— —¢ Tsin(wt+ ¢ efer Appendix
w {wz + o2 (w ¢ E) for derivation

» Decaying sinusoidal indicates an oscillation, which is a

~ sin ax i
et sinwtdt e s result of weaker damper to resist the speed
k=125N/cm  b=700Ns/cm Case 1
k =2450[N/cm] Case 2
f/k = 500/2450 = 0.2cm | Case 3
- Steady state response k =2450[N/cm] b = 300 Ns/cmy, -
Under Damped & .[ RSSO I— ] . L
Hesporise P g | Oscillatory ¢
e . oo
- | Response @ °
+ Poles S g [JlcHAEOE e A
1,00 = —3£j6.3  E AL ——— — : 2
T 0 5 10 15 20 25 g —of
* Oscillatory due to T o 05 1 15 2 25 3 35 4
dominant spring Y S S S N i =l ? ' ' ' ' '
action S I S R DR S ] ¢ :
. i g 8_ -3 SRR .................................................
* Oscillation decays. s ] s ms S S ] g :
Responseisstable & [ | & 4 4o | 3 0/\
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Response
Comparison

+ Critical damped and

under damped
responses are
generally better than
over damped response

Overshoot is generally
unacceptable in motion
control systems
(robots), however,
some overshoot is
acceptable in process
control systems
(temperature, pressure)

Under damped
response is the fastest
in reaching the level

Exogenous response [yE] Hornogeneous response [yH]

Total response [yT]
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